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A bandwidth incompatibility between the transmitted 
signal and the receiver of the Apollo VHF communications 
system has been noted as a possible source of distortion in 
receiver voice signals. This memorandum investigates the 
distortion in the demodulated voice waveform introduced by 
detuning the receiver IF filter from the transmitted carrier 
frequency. The transmitted signal contains the zero crossings 
of the voice waveform. Any distortion introduced in the zero 
crossings prior to the lowpass response of the receiver can 
result in distortion of the recovered voice. Several test 
waveforms representing different intensity levels of the voice 
are processed in a VHF voice system model to determine the 
effects of asymmetrical IF filtering on the lowpass receiver 
response. For the test waveforms and system model considered 
it is concluded that the receiver I F  can be detuned as much 
as 45% of the IF bandwidth before serious distortion appears 
in the demodulated zero crossings. 

SEE REVERSE* 



BELLCOMM. INC. 
955 L'ENFANT PLAZA NORTH, S.W. WASHINGTON, D. C. 20024 

SUBJECT: The E f f e c t  o f  Asymmetrical  I F  
F i l t e r i n g  on t h e  Envelope of  An 
IUY-PDM Waveform - Case 320 

P 

0 

DATE: June  30, 1 9 6 9  

FROM: W. D. Wynn 

TY: 69-2034-5 

TECHNICAL MEFYIORANDUX - 

INTRODUCTION - _  - 

Frequen t  p e r i o d s  of d i s t o r t i o n  and l o w  f i d e l i t y  
have  been e x p e r i e n c e d  w i t h  t h e  Apol lo  VHF communications 
s y s t e m  used  t o  t r a n s m i t  and r e c e i v e  v o i c e  s i g n a l s  p r i m a r i l y  
between t h e  Apo l lo  LM and CSM s p a c e c r a f t  as w e l l  as between 
t h e  E a r t h  and t h e  s p a c e c r a f t .  An i n c o m p a t i b i l i t y  of t h e  
t r a n s m i t t e d  s i g n a l  and r e c e i v e r  has  been c i t e d  s i n c e  Apol lo  7 
as a p o s s i b l e  s o u r c e  of t h e  d i s t o r t i o n .  The receiver band- 
w i d t h s  can be  as narrow a s  60 t o  70 KHz w h i l e  t h e  s i g n a l  
spec t rum can occupy 6 0  KHz o r  more. O s c i l l a t o r  d r i f t s  i n  
t h e  t r a n s m i t t e r  and receiver a l o n g  w i t h  d o p p l e r  s h i f t  s u g g e s t  
a minimum r e c e i v e r  bandwidth of  80 t o  9 0  K H z  f o r  p r o p e r  
o p e r a t i o n .  T h i s  memorandum i n v e s t i g a t e s  t h e  d i s t o r t i o n  o f  
t h e  demodulated v o i c e  waveform i n t r o d u c e d  by d e t u n i n q  t n e  
receiver I F  f i l t e r  f r o m  t h e  t r a n s m i t t e d  c a r r i e r  f r equency .  

The VHF v o i c e  communication sys tem used i n  t h e  
Apollo Program can  b e  modeled by t h e  s i m F l i f i e d  form shown 
i n  F i g u r e  1. A sawtooth  c lock  waveform c i s  i n d i c a t e d  i n  
F i g u r e  1. The minimum of  c i s  z e r o  and t h e  maximum i s  2 t .  
The t h r e s h o l d  d e v i c e  g e n e r a t e s  +1 i f  c + v > R and 0 o t h e r -  
w i s e .  The pu rpose  of  c i s  t o  g u a r a n t e e  a 56% d u t y  c y c l e  f o r  
t h e  t r a n s m i t t e r  power a m p l i f i e r  when t h e  v o i c e  v i s  z e r o .  

For a h i g h  level  v o i c e  s i g n a l  w i t h  a v a r i a n c e  u 2 
V 

t h a t  i s  much l a r g e r  t h a n  R ,  t h e  e f f e c t  o f  c on t h e  sys tem 
o p e r a t i o n  i s  s m a l l ,  ar;d t h e  turr?-or? and t u r n - o f f  t i m e s  o f  
t h e  t h r e s h o l d  d e v i c e ,  and hence t h e  power a m p l i f i e r ,  are 
approx ima te ly  t h e  + R  l e v e l  c r o s s i n g s  of  t h e  v o i c e  p r o c e s s .  
I f  a 2  > >  + R t h e  on -o f f  t i m e s  o f  t h e  t r a n s m i t t e r  w i l l  a l s o  
b e  approx ima te ly  t h e  zero c r o s s i n g s  of v. Then i n  t h e  
h i g h  l eve l  voice s i g n a l  case t h e  o p e r a t i o n  of  t h e  sys t em 
approaches  t h a t  of an i n f i n i t e l y  c l i p p e d  voice sys tem where 
t h e  i n f o r m a t i o n  i s  c o n t a i n e d  i n  t h e  zero c r o s s i n g s .  For  

V 
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the c a s e  when u: # o b u t  where t h i s  v a r i a n c e  i s  n o t  l a r g e  com- 
pa red  w i t h  Q ,  t h e  system i n  F igu re  1 appea r s  imposs ib l e  t o  
a n a l y z e  comple te ly  for  t h e  effect  of  c and Q on t h e  v o i c e  
i n t e l l i g i b i l i t y  a t  t h e  r e c e i v e r  o u t p u t .  

T h e  impor t an t  ques t ion  about  t h e  sys tem i s  what  
e f f ec t  an a symmet r i ca l ly  tuned band-pass  (BP) f i l t e r  h a s  on 
t h e  performance of t h e  r e c e i v e r .  
i s  the d i s t o r t i o n  induced i n  m. 

t h e  envelop@ E i s  a D u l s e  t r a i n  c o n t a i n i n g  t h e  zero crossin9 
i n f o r m a t i o n  of v .  

SP f i l t e r  d i s t o r t s  s ,  E g ives  an i n c o r r e c t  measure of  t h e  zeros 
of  v and hence d i s t o r t i o n  may be i n t r o d u c e d  i n  t h e  demodulated 
v o i c e .  

A measure of  t h i s  e f f e c t  
2 I n  t h e  i d e a l  case ( a v  /E = -) 

2 If o v  i s  not  l a r g e  compared t o  II o r  i f  t h e  

An a n a l y s i s  i s  given i n  t h i s  memorandum of  t h e  
e f f e c t  of  an asymmetr ical  BP f i l t e r  on t h e  z e r o  c r o s s i n g s  
of  E and m. T h i s  i s  based  on assuming d e t e r m i n i s t i c  f u n c t i o n s  
fo r  t h e  t h r e s h o l d  o u t p u t  J. The d e t e r m i n i s t i c  f u n c t i o n s  are 
s e l e c t e d  t o  s i m u l a t e  t h e  s m a l l ,  medium and l a r g e  u v  cases i n  
t h e  system. 
i n p u t  s = V J cosw t f o r  the  r e c e i v e r  BP f i l t e r .  The re- 
sponses  r 
t h e  asymmetry of t h e  BP f i l t e r .  
a p p l y  t o  a r b i t r a r y  r e c e i v e r  l i n e a r  BP f i l t e rs ,  H ( j w )  , and 
l i n e a r  l o w  pas s  f i l t e r s  L ( j w ) .  However, s p e c i f i c  r e s u l t s  
fo r  rN, EN, and % are found on ly  for  t h e  case 

2 

Each d e t e r m i n i s t i c  s i g n a l  JN i s  used t o  d e f i n e  an 

n n C 
and % f o r  each sn are d e r i v e d  as f u n c t i o n s  of  

The a n a l y s i s  t e c h n i q u e s  used 
N' EN 

w i t h  

and 
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I f  CI = - - B ,  t h e  BP f i l t e r  has  t h e  i d e a l  symmet r i ca l  char'acter- 
i s t i c .  As a i n c r e a s e s  toward z e r o  from t h e  a = -13 case w i t h  
B-a c o n s t a n t ,  it can  be expec ted  t h a t  t h e  d i s t o r t i o n  i n  rN, 

d i s c u s s  t h i s  e f f e c t  and t o  c o n s i d e r  what it i n f e r s  a b o u t  
d i s t o r t i o n  o f  t h e  z e r o  c r o s s i n g s  o f  J. 

and % i n c r e a s e s .  The  m a i n  theme of  t h i s  r e p o r t  i s  t o  EN 

A d d i t i o n a l  i n s i g h t  i n t o  t h e  sys t em o p e r a t i o n  follows 
From (3-10)  i n  Appendix I11 N '  from t h e  average power spectrum of s 

t h e  ave rage  power spec t rum of JN i s  

N N  
2 -  ITnI - 2 { c o s [ n - - m ] ~ T  - 

w n = l  m = l  
2 cos [n--m--f (m) ] UT + 

c o s  [n+f ( n )  --m-f ( m )  3 U T )  

where Tn = F[JN]. Then t h e  power spec t rum of sN i s  

where  w = w + w means w i s  r e p l a c e d  by w + w i n  ( 3 ) .  
C -- C - -. 

D I S C U S S I O N  -- 

I n  g e n e r a l  the  f u n c t i o n  J i s  a u n i t  p u l s e  t r a i n  
t h a t  can  be described by 

( 3 )  

I 

where t n - 1  L t n - 1  - < tn - < tn, fo r  e v e r y  n ,  and ~ , ~ ( t )  i s  a u n i t  
s t e p  f u n c t i o n  a t  t = 0. 

I 

The tn and tn are t h e  t i m e s  of level  
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Q c r o s s i n g s  o f  u + c. Unless  u i s  z e r o ,  t h e  t i m e  sequence  
E t , ,  tn} i s  a random p r o c e s s  about  which v e r y  l i t t l e  i s  known. 
I n  a f i n i t e  i n t e r v a l  t h e r e  w i l l  b e  on ly  a f i n i t e  number o f  

t, and tn. 

I 

I 

I n  t h i s  memorandum a number of  f i n i t e - - d u r a t i o n  PDM 
waveforms are assumed f o r  J. These waveforms are r e p r e s e n t a t i v e  
of e x p e r i m e n t a l  r e s u l t s  f o r  J measured ove r  a t i m e  i n t e r v a l  e q u a l  
t o  t h e  i n v e r s e  of  t h e  upper  c u t o f f  f r equency  fco of  u. The wave- 

forms are assumed as models of J f o r  u 

o v e r  a t i m e  i n t e r v a l  i n  w h i c h  u makes a ? o s i t i v e  and a n e g a t i v e  
zero c r o s s i n g .  These waveforms are d e s c r i b e d  by 

2 
V V V 

< <  Q ,  0 2  % L and o 2  > >  R 

N 

JN = 1 [ I J ~  (t-nT) - u -1 [ t , - ( n + f ( n ) ) T l I  ( 6 )  
n= 1 

w h e r e  NT Q, l / f co .  
JN depends comple t e ly  upon f ( x )  where 0 < f ( x )  < 1, as p o i n t e d  
o u t  i n  Appendix 11. T h i s  f ( x )  l i m i t s  J t o  a sequence  o f  u n i t  
a m p l i t u d e  p u l s e s  o f  d u r a t i o n  f ( n ) T  where n = 1,2.. . , N .  The 
sum ( 6 )  i s  more r e s t r i c t e d  t h a n  t h e  sum of  t e r m s  f o r  n = 1 , 2  ..., N 
i n  (S), s i n c e  tn = nT are known t i m e s  spaced  T a p a r t .  
v a r i a t i o n  i n  t h e  N p u l s e s  of ( 6 )  comes from f ( x ) .  

I f  N and T are s p e c i f i e d  t h e  b e h a v i o r  o f  

- - 

N 

The o n l y  

I f  v E 0 t h e  f u n c t i o n  J i s  a sequence  o f  e q u a l l y  spaced  
u n i t  p u l s e s  each of  d u r a t i o n  T/2.  I n  (6), N c y c l e s  of t h i s  
p e r i o d i c  f u n c t i o n  are o b t a i n e d  i f  f ( x )  = 1 / 2  f o r  a l l  x. I f  
f ( x )  = 1 f o r  ta < x < tb where ta and tb be long  t o  t h e  i n t e r -  

v a l  [ T ,  ( N + l ) T ]  and i f  f ( x )  = 0 f o r  a l l  o t h e r  x ,  t h e  cor respond-  
i n g  JN i s  a s i n g l e  sqi iare pulse in t h e  i n t e r v a l  

- -- 

[ T ,  (N+l)T] .  

Four  cases of f ( x )  w e r e  c o n s i d e r e d .  These are t h e  
p i e c e w i s e  l i n e a r  f u n c t i o n s  shown i n  F i g u r e  2 .  I n  each  case 
0 < -_ f (x) - < 1. The f u n c t i o n s  JN and sN c o r r e s p o n d i n g  t o  f i ( x )  
w i t h  i = 1,2,3,4 are JNi and sNi, r e s p e c t i v e l y .  The JNi and 
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s are r e p r e s e n t a t i v e  of J and sN i n  an  i n t e r v a l  [T ,  ( N + l ) T ]  

w i t h  N T  % l / f c o ,  where oV/k increases from less t h a n  u n i t y  

(Case I )  t o  oV/k  = (Case I V ) .  

N 2 X i  

2 

From (1--8) i n  Appendix I t h e  r e s p o n s e  of t h e  BP f i l t e r  
(1) t o  sN = V J c o s  w t i s  N C 

where 

i s  t h e  i.owpass e q u i v a l e n t  f i l t e r  f o r  H ( j u ) ,  F -1 d e n o t e s  t h e  
i n v e r s e  F o u r i e r  t r a n s f o r m ,  and I? means t h e  r e a l  p a r t .  e 

For t h e  J N  f u n c t i o n  ( 6 ) ,  ( 7 )  f o l l o w s  i n  ( 2 - 1 0 )  of 
Appendix 11. From ( 2 - 1 0 )  t h e  enve lope  E i n  F i g u r e  1 i s  N 

EN 
n = l  n= 1 

The xn and yXi are combina t ions  of  t h e  t a b u l a t e d  f u n c t i o n s  
S i (yn)  and Ci(yn) where y depends upon f i ( x ) ,  a ,  6 ,  n ,  T 

and t. 
n 

The r e s p o n s e  o f  L ( j u )  i n  ( 2 )  is t h e  c o n v o l u t i o n  
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-1 where k ( t )  = F [L(Jo)l. For t h e  c a s e s  of  f ( x )  i n  F i g u r e  2 ,  t \ e  
r e s p o n s e s  E i n  ( 9 )  are very  compl ica te? .  To o b t a i n  
( 1 0 )  t h e  Fas t  F o u r i e r  Tranform (FFT) computer a l g o r i t h m  w a s  
used  t o  per form t h e  convo lu t ion .  

" r J i  In N i  

RF: S LJ LT S 
.--- 

The f u n c t i o n s  JFJ, EN and m a r e  coqputed  f o r  t i n  N 
t h e  i n t e r v a l  [T ,  ( N + l ) T ]  u s i n g  e q u a t i o n s  ( 6 1 ,  ( 9 )  and ( l o ) ,  
r e s n e c t i v e l y .  Also ,  t h e  power spec t rum i n  ( 3 )  i s  computed 
i n  tlie f requency  i n t e r v a l  where I T  l 2  i s  of s i g n i f i c a n c e .  A 

c o l l e c t i o n  of g raphs  of  ( 3 1 ,  (6), ( 9 )  and ( 1 0 )  are g i v e n  f o r  
each  f i ( x ) ,  i = 1 , 2 , 3  and 4 ,  where t h e  amount of  asymmetry i n  
t h e  r e c e i v e r  BP f i l t e r  i s  v a r i e d  d i s c r e t e l y .  The r e s u l t s  are 
o b t a i n e d  f o r  t h e  numer i ca l  v a l u e s :  

N 

(ii) a = D i s c r e t e  v a l u e s  between -37.5 K H z  and 0. 

(iii) N = 30. 

( i v )  T = 0.333 x seconds .  

(V) 

( v i )  

I n  ( 2 ) ,  a = 1871 x l o 3  and C = 1. 

I n  (9), kV .2 - - 1 t o  no rma l i ze  E N' 71 

For  t h e s e  v a l u e s  t h e  s a w t o o t h  c l o c k  h a s  a freTuency o f  30 K H z  

and t h e  v o i c e  fco % 1 0  

cases I through I V  f o r  f ( x )  i n  F i g u r e  2 .  I n  each  case v a l u e s  
o f  a are s e l e c t e d  i n  t h e  range  ( i i) .  F i g u r e s  3 th rough  6 are 
t h e  g raphs  o f  J f o r  f ( x )  i n  cases I th rough  I V ,  r e s p e c t i v e l y .  
F i g u r e s  7 through 1 8  are t h e  g raphs  o f  t h e  power s F e c t r a  of  

g i v e n  i n  each  case; t h e  complete  s p e c t r a ,  t h e  l o w  f r equency  
p o r t i o n ,  and t h e  h i g h  f requency  p o r t i o n .  The i n t e r m e d i a t e  
and lowpass  f r equency  f u n c t i o n s  EN and mLJ f o r  - a  = 37.5,  

25 .5 ,  13 .5 ,  6 ,  4 ,  2 ,  1 and 0 KHz are shown i n  F i g u r e s  ( 1 9 )  
t h r o u g h  ( 3 4 ) .  

3 Ez. The g raphs  are d i v i d e d  i n t o  t h e  

N 

Z f o r  t h e  f o u r  cases o f  f ( x ) .  For  c l a r i t y  t h r e e  a p L L L L a  ----c-- are N 
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I n  each of  tile f o u r  cases t h e  lowr,as; f i l t e r  r e s p o n s e  

Tile enve lope  E N  and t h e  h i g h  f requency  c o n t e n t  
in r e t a i n s  t h e  sama g e n e r a l  shape f o r  a between -37.5 KI!z 

a1i.l -4 KEz. 

o f  %( t )  vary  c o n s i d e r a b l y  w i t h  changes i n  CY between -37.5 
K;iz and 3 .  The d e s i r e d  v o i c z  i n f o r m a t i o n  i s  c o n t a i n e d  i n  t h e  
z e r o  c r o s s i n g s  w i l i c i i  are t r a n s m i t t e d  w i t h  v a r y i n g  d e g r e e s  o f  
e r r o r  by t h e  p u l s e  edges  of E and m. The p o s i t i o n s  and s l o p e s  
o f  tlic edges  of m, a r e  p a r t  of t h e  low f r e l u e n c y  i n f o r m a t i o n  i n  

n -tliat does n o t  va ry  as IY cnanges i n  t l iz i n t e r v a l  -37.5 I?Iz t o  
- 4  KI-Iz. Prom t h e s e  r e s u l t s  it i s  concluded  t n a t  d e t u n i n g  the I F  
f i l t e r  o f  t i e  r e c e i v e r  has  l i t t l e  e f f e c t  on t h e  zero c r o s s i n g  
es t iaa tes  of t h e  v o i c e  c a r r i e d  i n  m i f  t h e  f i l t e r  passes t h e  
p a r t  o f  t h e  s i g n a l  spec t rum around + 4  KIiz of  t h e  car r ie r .  Then 
t h e  r tceiver  I F  may be de tuned  by as much a s  4 5 %  of t h e  I F  band- 
vJidth b e f o r e  t h e  z e r o  c r o s s i n g  i n f o r m a t i o n  c o n t a i n e d  i n  m i s  
d i s t o r t e d  a p p r e c i a b l y .  

iJ 

1J 

1.1 

2 0 3 4 - ; JDW u 1 g 

Attachments  
F i g u r e s  1-35 
Appendices 1-111 
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where 

RYSP9NSE O F  A VARROV BANDPASS FILTER 
IN TEPMS OF THE LOVPASS EQUIVALENT FILTER 

The i n u u t  t o  t h e  AY r e c e i v e r  is 

s = V J c o s w t  
C 

(1-1) 

g ( x ) d x  i s  assumed t o  he narrowband 
= 1.1 

l i m i t e d  around t h e  o r i g i n  on t h e  f r equency  a x i s  w i t h  r e s p e c t  
t o  t h e  f r equency  w . That  i s ,  s i s  a narrowband s i g n a l .  ~ ' ? e  
r e s p o n s e  of t h e  BP f i l t e r  through which s p a s s e s  i s  d e f i n e d  
hy r .  I n  o r d e r  t o  d e r i v e  t h e  r e s p o n s e  o f  t h e  AM receiver t h e  
f u n c t i o n  r must b e  known. The e x p r e s s i o n  f o r  r i n  t e r m s  of s 
and an  a symmet r i ca l  BP f i l t e r  i s  d e r i v e d  i n  t h i s  Appendix. 

C 

Cons ide r  a BP f i l t e r  t h a t  may be unsymmetr ica l  a b o u t  
w w i t h  t h e  t r ans fe r  f u n c t i o n  H ( j w ) .  From H ( j w )  t w o  t r a n s f e r  
f u n c t i o n s  are der ived ,  H l ( j w )  = H ( j u ) g l ( w )  and H 2 ( j w )  = H ( j w ) u l ( - w ) .  

These a r e  r e l a t e d  by H ( j w )  = d l ( j w )  + H2 ( j w )  . 
narrowband around oc, two lowpass t r a n s f e r  f u n c t i o n s  can be 

C 

S i n c e  H ( j w )  i s  

found by s h i f t i n g  I-I1 and 'I2 by w c .  These are H L  = H1(u+wc)  
1 

and H L  = H 2 ( w - - w c ) .  

and H k  

Taking t h e  sum and d i f f e r e n c e  o f  H L  
2 1 

2 '  
two lowpass f i l t e r s  are d e f i n e d  by: 

and 
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I - -2  

These  f i l t e r s  have  t h a  p r o p e r t i e s  

* 
I< (.-ju) = H p ( j u )  

I? 

* 
H q ( - j w )  = H q ( j W )  

and 

Then i f  

and 

- 7  
h = F ' [ H p ( j u ) ]  

P ( 1 - 3 )  

these t i m e  f u n c t i o n s  are real and v a r y  s lowly  w i t h  r e s p e c t  
t o  cosw t. 

The impulse  r e sponse  o f  t h e  BP f i l t e r  H ( j o )  i s  t h e  

C 

real  time f u n c t i o n  h related t o  h and !I by 
P 9 

h = 2 h coswct + 2 h sinw t (1-4) P 9 C 

The r e s p o n s e  of t h e  BP f i l t e r  t o  t h e  i n p u t  s i s  r = s * h  where 
( * )  d e n o t e s  c o n v o l u t i o n .  The r e s p o n s e  t o  s i s  

h ( t - - . r )  COS ( w c t - - w c T ) V J ( ~ )  cosw Tdr P C 

(1-5) 
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1-3 

The ap?roximat ion  i s  o b t a i n e d  by d i s c a r d i n q  two i n t e g r a l s  i n  
the r e x p r e s s i o n  t h a t  have i n t e g r a n d s  w i t I i  t h e  f a c t o r s  
cos ( w t - 2 w C  T )  

app rox ima te ly  z e r o  i f  h , h and J are lo;\rpass and narrowSand 
l i m i t e d  w i t h  r e s p e c t  t o  w . S i n c e  

and s i n ( w c t  - 2wcr). 

P q  

These i n t e g r a l s  are 
C 

C 

] a c t  
cosw t + h s inw- t  (1 - 6 )  r 7 - 

(1-5) becomes 

From ( 1 - - 2 ) ,  H (1,) i s  t h e  F o u r i e r  Transform of h - j hq. E, F 
I 

Then (1-7)  i s  

The r e s p o n s e  o f  H t o  J is  easier  t o  o b t a i n  t h a n  

t h e  r e s p o n s e  o f  H ( j w )  t o  s.  H e n c e  (1-8) is a v e r y  u s e f u l  r e s u l t  
f o r  a narrow 3P f i l t e r  e x c i t e d  by a s i g n a l  t h a t  i s  narrowband 
l i m i t e d  i n  t h e  passband of the f i l t e r .  
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THE BANDPASS FILTER RESPO?!SF 
WHEN S I S  A P D t 4 - M  WAVZFORrl 

The s i g n a l  s i s  a PDM-AM waveform i f  'J i n  t h e  s 
e q u a t i o n  (1-1) i s  t h e  impulse sequence 

( 2  -1) 

The f u n c t i o n  g ( x ) d x  i s  a non-over lapping  sequence  of s q u a r e  

waves i f  f ( x )  i s  l i m i t e d  t o  0 < f ( x )  < 1. T h i s  r e s t r i c t i o n  w i l l  
be p l a c e d  on a l l  f u n c t i o n s  f ( x 7  c o n s i a e r e d .  Nhen n i s  l i m i t e d  
t o  the  f i n i t e  s e t  of i n t e g e r s  n ~ { 1 , 2 ,  ..., N l ,  5 i n  (1-1) becomes 
a PDM-Aii waveform w i t h  f i n i t e  d u r a t i o n .  For  t h e  f i n i t e  se t  of 
n ,  t h e  i n t e g r a l  J i n  (1-1) i s  

( 2 - 2 )  

n= 1 

w h e r e  u ( t)  is t h e  u n i t  ste9 f u n c t i o n  a t  t = O .  The r e s p o n s e  -1 
of t h e  .AM r e c e i v e r  i s  o f  i n t e r e s t  when t h e  bandpass  f i l t e r  

is narrowband around w C and t h e  r e c e i v e r  i n p u t  i s  sN = V JN coswct. 

To f i n d  t h e  i n t e r m e d i a t e  f u n c t i o n  rN a t  t h e  BP f i l t e r  o u t p u t  

m u s t  be four?c?.  his response  can  be d e r i v e d  i n  t e r m s  of t h e  low- 
pass e q u i v a l e n t  of t he  BP f i l t e r  and t h e  lowpass f u n c t i o n  JN. 
From (1-8)  
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A t  t h i s  p o i n t  some form must be assumed for  t h e  BP f i l -  
ter  c h a r a c t e r i s t i c  H ( j w )  i f  numer ica l  r e s u l t s  are d e s i r e d  from 
(2 -3 ) .  Suppose t h e  f i l t e r  i s  d e s c r i b e d  by t h e  i d e a l  c h a r a c t e r i s t i c :  

+ a . I w l  w c  + 3 , a < B  wc - 
( 2 - 4 )  

, a l l  o t h e r  w 

H ( j w )  = 

This  f i l t e r  i s  unsymmetr ica l  around w and i s  narrowband i f  

(6-a) <.: wc.  As d e f i n e d  i n  Appendix I ,  
C 

Then from ( 2 - 4 )  

s i n  wa/2 
wa/2 T o  f i n d  (2-3) t h e  i n v e r s e  t r a n s f o r m  of H 1  

1 i s  found.  This  i s  

w a  2 
' sin = 

1 

s i n  wa/2 
' I .- s inwt  do '2.rr 

/ a  
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and 

where  

and 

The i n t e g r a l s  Si and Ci a r e  w e l l  known t a b u l a t e d  f u n c t i o n s  of  
z .  The i n v e r s e  o f  HI1 sin 

, wa/2 i s  found i n  t e r m s  of Si and Ci 
.L 

f u n c t i o n s  by s u b s t i t u t i n g  (2-7) and (2-8) i n t o  (2-6). The o n l y  
d i f f e r e n c e  between F - 7 " p  1 sin wa/2 wa/2]  and F - l [ H p l  

i s  a t i m e  s h i f t  of  x seconds.  Then t h e  r e sponse  of H p  ( j u )  t o  t h e  

sequence JN i n  ( 2 - 3 )  follows by i n s p e c t i o n  f r o m  ( 2 - 4 ) .  I n t r o -  
duc ing  ( 2 - 6 )  i n t o  ( 2 - - 3 ) ,  

1 s i n  u a / 2  . e - j u x  
wa/2 

A. 

1 
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N N 

= g [ x s w c t  2 n  1 xn - s i n w c t  1 Yn] 
n=l n = l  

- kV 
2 n  

- -  

- -  - kV e c o s ~ w  t + u] 2 n  C 

cos[w-t + Y] 
L 

where 

'n = S i [ B ( t  - n T ) ]  

- S i [ a ( t  - nT) 1 

+ Si [ f3 ( f (n )T  - t + n T ) ]  

- S i [ a ( f ( n ) T  - t + n T ) ]  

and 

(2-10) 

The phase of rN i s  Y = t a n  -1 ( c y n / z x n )  . 
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I t  i s  t h i s  f u n c t i o n  kV 
N 2n 

t h a t  t h e  e n v e l o p e  d e t e c t o r  p r o d u c e s  f o r  lowpass f i l t e r i n g  i n  t h e  
AN receiver. For t h e  case of s y m m e t r i c a l  h a n d p a s s  f i l t e r i n q  
where  a = -13, a l l  Yn terms are z e r o  and  e = f  t X n .  

f ( n )  = 1 f o r  n = 1 , 2  ..., X: t h a n  e = 2 ' 3 i [ ! 3 ( t . T ) ]  - 2 S i [5 ( t - - [ ? !+1]T) ] .  

T h i s  i s  t h e  w e l l  !mown s q u a r e  wave r e s p o n s e  of a n  idea l  s y m m e t r i c a l  
l m - r n a s s  f i l t e r  of bandwid th  26  where  t h e  i n p u t  p u l s e  w i d t h  i s  NT. 

bl 
The e n v e l o p e  of r is  - e = E 

If, i n  a f i i i i t i o n ,  
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THE AVERAGE POWER SPECTRUM OF S N ( t )  

T h e  oower spec t rum of S is e a s i l y  found i f  r? i n  
(2-1) i s  l i m i t e d  t o  t h e  f i n i t e  set nE(1,  ..., N). Then s 
becomes s = V J 

f i n i t e  sequence  o f  impu l ses  
cosu t where J N  is t h e  i n t e q r a l  of t h e  ra N C 

N -. 
= 1 E s f t  - nT1 - 6[t - (n + f(n))Tl 1 

n=l 
gN 

The transform of (3-1) i s  

where 

h a s  been use' N . The power spectrum of the finite duratLon g 
lGNIL = G N -G* N' Then 

- exp[-joT[n-(m + f(m))]] 
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F o r  t h e  f i rs t  e x p o n e n t i a l  i n  (3 -4)  

Then 

L i k e w i s e  it i s  found t h a t ,  

Also i n  ( 3 - 4 1 ,  

Combining t h e  l a s t  three e q u a t i o n s  i n  ( 3 - 4 )  gives 

N N  
2 

I G ~ I  = 1 {cos[n-m]wT + 
n = l  m=l 

cos  [ n  + f ( n )  - m - f ( m j  ] U T  

( 3 - 9 )  - 2 c o s [ n  - m - f ( m ) l w T )  

S i n c e  t h e  AM i n  s is  t h e  i n t e g r a l  of g ,  t h e  power 
spec t rum of t h e  ?IF{ f o r  t h e  f i n i t e  case g = q,, i s  

ii t 
gN d x  which 2 2  

l G N l  / w  . T h i s  follows from t h e  t r a n s f o r m  of 
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I 

t 
i s  (jw)-l F[gN]. With JN =lm gN(x)dx and TN(jw) = FIJNI, 

t h e  AM power spec t rum i s  

N N  
f -  1 
/ 

n = l  m = l  
7 {cos [n-m] UT - 
w ITNI2 = u 

2 

+ 

The power spec t rum of s 

c o s [ n  - m - f (m)]wT 

cos[n + f ( n )  

i s  simply 

.. 

- m - f ( m ) ] w T )  
(3-10) 

3 '  L 2 

C 
N w+w+w + lTN w+w-w 

S s ( w )  = -!j [ IT 
C 

(3-11) 

A s  an example of t h e  r e s u l t  ( 3 - - l o ) ,  l e t  N = 1 and 
f(1) = 1. Then gN and JN a r e  shown i n  F i g u r e  35. 

With N = 1, f ( 1 )  = 1, 

TN( jW)  = e x p [ - j  3wT/2] T s i n  wT/2 
wT/2 

and 

ITNI = [ sin 
wT/2 

F o r  t h i s  s i m p l e  example,  

- 3' T s i n  ( w + w c )  T/2 

S s ( w )  = + [- ( w + w c )  T/2 

I' + sin(w-wc)T/2 
2 ( w - w c )  T/2 
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The spectrum of S follows from (3-10) and (3-11) when N 
and f ( x )  are given. Since the summations involved are usually 
difficult, a computer program was written to find IT I * .  

N 

N 




